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A generalized Archie’s law for n phases

Paul W. J. Glover'

ABSTRACT

Archie’s law has been the standard method for relating the
conductivity of a clean reservoir rock to its porosity and the
conductivity of its pore fluid for more than 60 years. Howev-
er, it is applicable only when the matrix is nonconducting. A
modified version that allows a conductive matrix was pub-
lished in 2000. A generalized form of Archie’s law is studied
for any number of phases for which the classical Archie’s law
and modified Archie’s law for two phases are special cases.
The generalized Archie’s law contains a phase conductivity, a
phase volume fraction, and phase exponent for each of its n
phases. The connectedness of each of the phases is consid-
ered, and the principle of conservation of connectedness in a
three-dimensional multiphase mixture is introduced. It is
confirmed that the general law is formally the same as the
classical Archie’s law and modified Archie’s law for one and
two conducting phases, respectively. The classical second
Archie’s law is compared with the generalized law, which
leads to the definition of a saturation exponent for each phase.
This process has enabled the derivation of relationships be-
tween the phase exponents and saturation exponents for each
phase. The relationship between percolation theory and the
generalized model is also considered. The generalized law is
examined in detail for two and three phases and semiquanti-
tatively for four phases. Unfortunately, the law in its most
general form is very difficult to prove experimentally. In-
stead, numerical modeling in three dimensions is carried out
to demonstrate that it behaves well for a system consisting of
four interacting conducting phases.

INTRODUCTION

Archie’s law has been the standard method for relating the con-
ductivity of a clean reservoir rock to its porosity and the conductivity
of the fluid saturating its pores for over 60 years. Initially an empiri-
cal relationship for a narrow range of rocks and porosities, it has

found wide application. It has been verified recently by analytical
methods for certain special cases (e.g., Sen et al., 1981; Mendelson
and Cohen, 1982), and has been extended for use when the surface
conduction is significant, such as at low salinities and in clay-bear-
ing lithofacies (e.g., Tiab and Donaldson, 2004).

One form of the traditional Archie’s law can be expressed as
(Glover, 2009)

o= ="1, (1)

where o is the bulk effective conductivity of the rock; o is the con-
ductivity of the fluid occupying the pores; ¢ is the porosity, which is
assumed to be fully saturated (i.e., identical to the volume fraction of
the fluid phase); and m is the cementation exponent. The ratio of the
conductivity of the pore fluid to that of the rock (or of the resistivity
of the rock to that of the pore fluid) is called the formation factor (Ar-
chie, 1942).

F=Z-2 @)

The term “formation factor” was originally used because it was ap-
proximately constant for any given formation. The formation factor
varies from unity, /= 1, which represents the case where o = o
(i.e., when ¢p— 1) and increases as the porosity decreases, with F
— o as ¢ — 0. It was Archie’s experimental work that led to the em-
pirical finding that

F=¢ ™ (3)

Archie called the exponent in equation 3 the cementation exponent
(factor or index) because he believed it to be related to the degree of
cementation of the rock fabric. In fact, the advantage that Archie’s
law has always had over other mixing laws such as the Hashin-Sh-
trikman bounds (Hashin and Shtrikman, 1962); Waff’s model (Waff,
1974); the parallel, perpendicular, and random models (Glover et al.,
2000a); and the modified brick-layer model (Schilling et al., 1997) is
that it contains a “variable” parameter, the cementation exponent,
that gives it flexibility of application (Glover et al., 2000a). Table 1
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Table 1. Some of the most common mixing models for electrical conductivity in porous media.

Conducting
phases
Name Min Max Equation Reference Notes
Models without variable exponents
Parallel 1 Many n Guéguen and Arithmetic mean. Parallel layers
model i = 2 $i0; Palciauskas of constant arbitrary thickness
i=1 (1994), with conductivity o; arranged
Luo et al. (1994), axially to current flow.
Somerton (1992)
Perpendicular 1 Many n Guéguen and Harmonic mean. Parallel layers
model l/ow= 2 ¢il o Palciauskas of constant arbitrary thickness with
i=1 (1994), conductivity o; arranged normally
Luo et al. (1994), to current flow.
Somerton (1992)
Random 1 Many n Guéguen and Geometric mean. Arbitrary shaped
model o= ol Palciauskas and oriented volumes of conductivity
i=1 (1994), o; distributed randomly.
Luo et al. (1994),
Somerton (1992)
Hashin- 2 2 3(1 — ¢)(o,— 0y) Hashin and Commonly denoted HS+. Derived
Shtrikman o= 0'2(1 T 30, —dlor—0 )) Shtrikman (1962)  from effective medium considerations.
upper bound 2 !
Hashin- 2 2 302 — o)) Hashin and Commonly denoted HS—. Derived
Shtrikman Oy =0 1(1 + — — ) Shtrikman (1962)  from effective medium considerations.
301+ (1= ¢)(o,— 09)
lower bound
Waff model 2 2 oy + (o — ) (1 — (2¢,/3)) Waff (1974) Based on.conce.ngic slpheresfof
Ot = — varying sizes with volume of core
L+ (d:/3)(0n/02 = 1) (fractional volume of phase 1) to
volume of shell (fractional volume
of phase 2) ratio constant. Function-
ally equivalent to HS+.
Modified 2 2 oy(0x(¢t” — 1) — 01¢7") Schilling et al. Modified to allow validity to be
brick-layer [ (1 — &) — oo — 1 — 1) (1997) extended to cover the range
model o1 = ¢17) — oo " — 0.00= ¢, = 1.00 (0%—100%).

Models with variable exponents

Lichtenecker-
Rother
equation

Lichtenecker-
Rother
equation
(generalized)

Bussian
equation
Conventional
Archie’s law

Modified
Archie’s law

Generalized
Archie’s law

1

2 o= (™1 = @) + o))"

Man n
Y o= (2 o™y

i=1

2 . m 1_0'1/0'2 m
O'eff—0'2¢2 l—0/0u
1 Ot = 0207
2 O = 0(1 —¢2)P+o'2¢§'
where p — 081 = ¢3)
P og(1 = ¢)
Many n
o =20;¢"

where exaict solution
m; =log(1 — = ¢™)/log(1 — = ¢y)

i#j . . i
first order approximation

mj = > M

i#j i#j

Lichtenecker and
Rother (1936)
Korvin (1982)

Lichtenecker and
Rother (1936)
Korvin (1982)

Bussian (1983)
Archie (1942)

Glover et al.
(2000a)

This work

Almost coincident with HS+.

Derived from the theory of functional
equations under appropriate boundary
conditions. Formally the same as
Archie’s law if ¢, = 0.

Logical extension of the Lichtenecker
and Rother model made in this work.

Derived from effective medium theory.

Derived empirically, but provable
analytically for special cases.

Derived from the conventional
Archie’s law by considering boundary
conditions implied by geometrical
constraints.

Derived from the conventional Archie’s
law by considering boundary conditions
implied by geometrical constraints.
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summarizes the main electrical conductivity mixing models that are
currently available.

It is important to note that Archie’s law was derived from empiri-
cal observations for a relatively small number and type of rocks and
for arelatively small range of fluid conductivities and porosities (Ar-
chie, 1942). Strictly speaking, Archie’s law should not be used out-
side of these ranges. However, it has been commonly used outside of
these ranges for over 60 years with a great degree of success.

In 1936, Lichtenecker and Rother (1936) derived a relationship
for the calculation of the effective value of a physical property of a
heterogeneous medium A that contains n distinct phases each having
avalue of the physical property A; and each having a volume fraction

éi.

n 1/b
A= (2 ¢iA'f> when b #0, (4)

i=1

and

A= exp( > b lnAi) when b = 0. (5)

i=1

By writing m = 1/b and applying equation 4 for the conductivity of
a heterogeneous porous medium, it is possible to obtain

o= (0™ + ¢yod™™  for m+#oo. (6)

For a sedimentary rock with an insulating matrix (o, = 0) and a
porosity ¢, = ¢, which is completely saturated with a fluid of con-
ductivity o, = o, equation 6 becomes

g = O-qum’ (7)

which amounts to a direct proof of Archie’s law and relates the ce-
mentation exponent to the Lichtenecker and Rother mixing coeffi-
cient.

The range of values for the cementation exponent is relatively
small. A value of m = 1 is not observed for real rocks and represents
a porous medium composed of a bundle of capillary tubes that cross
the sample in a straight line. Rocks with a low porosity but a well-de-
veloped fracture network sometimes have cementation exponents
that approach unity because the network has flow paths that are fairly
direct. A cementation exponent equal to 1.5 represents the analytical
solution for the case in which the rock is composed of perfect
spheres (Senetal., 1981; Mendelson and Cohen, 1982). Most porous
arenaceous sediments have cementation exponents between 1.5 and
2.5 (Glover et al., 1997). Values higher than 2.5 and as high as 3 are
usually found in carbonates in which the pore space is less well con-
nected (Tiab and Donaldson, 2004). In general, the value of the ce-
mentation exponent increases as the degree of connectedness of the
pore network diminishes. The concept of connectedness is fully de-
fined in the next section and in Glover (2009).

Archie’s law does not take account of surface conduction. In clean
rocks, if the concentration of the pore fluid is greater than approxi-
mately 0.01 mol/L, it does not matter because the surface conduc-
tion is small compared with that provided by the pore fluid. Howev-
er, it was recognized early on that formations that contain significant
amounts of clay minerals may have a significant surface conduction
even if the pore fluid is relatively saline (Glover et al., 2000a). Sever-
al empirical adjustments have been proposed for this scenario and

are commonly used by the oil industry. One of the most important is
probably that of Waxman and Smits (1968),

1
g = F(Uf—f_BQv)’ (8)

where F* is the shaly sand formation factor and the additional term
includes the factor B, which is the average mobility of the counteri-
ons close to the grain surface (S m?/meq), and Q,, which is the ionic
concentration per unit pore volume (meq/m?), in which 1 mil-
liequivalent is a measure of ionic concentration. Another important
model for shaly sands has been the Dual-Water model (Clavier et al.,
1984). It should be noted that these models represent a method of
empirically compensating for the surface conduction rather than
representing conductivity mixing laws in their own right. Moreover,
as pointed out by Devarajan et al. (2006), these models are not ex-
plicit in their predictions of electrical conductivity with respect to
rock structure, spatial fluid distribution in the pore space, wettability,
or clay mineral distribution.

Even when it is modified to take surface conduction into account,
the classical Archie’s law is only applicable to the scenario in which
there is a nonconductive matrix and in which the only conducting
phase is a liquid (or solid) that completely saturates the pore space. It
is not applicable if there are two conducting phases or if the conduct-
ing phase does not completely fill the pore space.

Archie addressed the second of these issues by deriving a second
Archie’s law that describes how the resistivity of a partially saturated
rock varies with water saturation. He did not address the problem of
having two or more conducting phases.

In 2000, Glover et al. (2000a) published a modified Archie’s law
for a rock with two conducting phases in response to the need for a
conductivity mixing model with a variable mixing parameter when
there was a conductive fluid occupying a matrix that was sufficiently
hot to also be considered conductive.

The modified Archie’s law takes the form

o =04+ 0,07, 9

where o is the bulk effective conductivity of the rock, o, and o, are
the conductivities of the two conductive phases, ¢, and ¢, are the
volume fractions of the two conductive phases, and p and m are the
exponents of each phase. By convention, when one of the phases is a
conductive fluid occupying the pore space, phase 2 is used to repre-
sent it so that ¢, is the porosity of the rock, m is the cementation ex-
ponent, and o7, is the conductivity of the fluid just as it was in the tra-
ditional Archie’s law. If either the matrix is nonconducting (i.e., o,
= 0) or the porosity is 100% (i.e., ¢; = 0), the modified Archie’s law
(equation 9) collapses to the classical Archie’s law (equation 1).

If an electrolyte saturates a rock matrix and the whole matrix is
conductive, equation 9 becomes

o =01 - ¢)P+ 0207, (10)

with o # 0. The matrix exponent p can be calculated from the po-
rosity and cementation exponent m using a relationship that takes
into consideration the 3D topological arrangement of the two phas-
es,

_ In(1 — ¢2m)
In(1 — ¢2) )

It should be noted that for a typical rock with a typical porosity and

(11)
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cementation exponent, the value of the p exponent will be less than
unity. For example, if the porosity ¢, =0.1 and m =2, then p
= 0.095. The low value represents the great degree of connectivity
that the matrix phase enjoys. Thus, exponent values less than unity
do have a physical interpretation. If such a rock is at low tempera-
tures, the overall conductivity of the rock will be controlled by the
pore fluid because the pore fluid will generally have a conductivity
much greater than the matrix although it has a low connectedness.
However, at higher temperatures (or at low temperatures if the ma-
trix contains sufficient conductive minerals) the matrix controls the
overall conductivity of the rock because it has a much higher con-
nectedness. If the porosity ¢, = 0.1, m = 2, and the conductivities of
the fluid and the matrix are the same, it is a trivial result that o = o,
= 0,; however, 99% of the conductivity is contributed by the ma-
trix, whereas only 1% is contributed by the pore fluid.

A summary of electrical conductivity mixing models is given as
Table 1. A comparison of many of these models with the modified
Archie’s law for two conducting phases is given in Glover et al.
(2000a).

The two-phase Archie’s law has been used successfully in the
modeling of enhanced porosity concretes that have significant ma-
trix conductivity (Neithalath et al., 2006; Neithalath, 2007), rock
melt fractions in which the temperature is high enough to induce a
conductivity in an otherwise low-conductivity rock matrix (Glover
et al., 2000b), the distribution of crustal fluids (Mishina, 2009), the
electrical conductivity of partially crystallized basaltic samples
(Gaillard and Marziano, 2005), the prediction of a possible magma
chamber beneath Mount Vesuvius (Pichavant et al., 2007), and even
in the electrical treatment of food materials for preservation (Leb-
ovka et al., 2002) and the design of membranes for fuel cells (Mu-
nakata et al., 2008).

The purpose of this paper is to extend Archie’s law to its most gen-
eral form; that for n-phases, any of which may or may not be conduc-
tive.

CONNECTEDNESS AND CONNECTIVITY

Each of the n phases that occupy a 3D rock must share the same to-
tal space. Hence, an increase in the connectedness of one of the phas-
es must lead to a reduction in the connectedness of at least one of the
other phases. Here we deliberately use the phrase “connectedness”
instead of “connectivity” because they are two different entities.

The connectedness of a porous medium G was defined by Glover
(2009) as the physical availability of pathways for transport and
mathematically as the ratio of the conductivity of the rock to the con-
ductivity of the pore fluid (i.e., the inverse of the formation resistivi-
ty factor)

G=—"=—=¢" (12)

Hence, the connectedness of a given phase is a physical measure of
the availability of pathways for conduction through that phase that is
based on the ratio of the measured conductivity to the maximum
conductivity possible with that phase (i.e., when that phase occupies
the whole sample). This implies that the connectedness of a sample
composed of a single phase is unity.

By contrast, the connectivity is defined as the measure of how the
pore space is arranged. The connectivity is given by

x=¢"! (13)

and depends on the porosity and the cementation exponent m. It
should be noted that the connectedness is also given by

G = éx, (14)

and it is clear that the connectedness depends on the amount of pore
space (given by the porosity) and the arrangement of that pore space
(given by the connectivity).

AN ARCHIE’S LAW FOR N-PHASES

The porosity of a rock is defined as the fractional amount of pore
space. The porosity represents just one phase of many that are dis-
tributed within the rock. The sum of the fractions of all of the phases
present must therefore always equal unity

E(ﬁi:l’ (15)

i=1

where there are n phases.
Archie’s law can be expanded in the following form:

o=01¢1 + o3 + o3P+ .+ g(0,0))
= 2 O.id);ni + g(o-i’@ij)v (16)

where each phase is represented by a term of the form o;¢!™, and the
function g(o;, @) is the sum of the Stieltjes integrals that represent
the interactions between the phases and ©;; represents the resonance
density functions between each pair of phases. The Stieltjes integral
between any pair of phases is given as (e.g., Glover et al., 2000a)

s

.0.) = _@JL>
f(o-‘,a-]’@l])_,g((l/gi+y/0j) dy (17)

In full, equation 16 becomes

" 0.
r=Soape S [(A0 g oy
i i) (1o +yla))

which involves three independent terms for each of the n phases
(conductivity, volume fraction, and phase exponent) as well as
n(n — 1) resonance density functions. It was discussed in Glover et
al. (2000a) that little was known about the properties of the Stieltjes
integral and that it is commonly regarded to be negligible as a first-
order simplification. We follow the same approach in this paper.
Equation 18 then becomes

UZZUigb?]i, (19)

with
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o)

@i]‘()’) ) _
i#j 4 <(1/(Ti+y/ffj) @ =0, 20)

provided that either the Stieltjes integrals are negligible or that their
matrix is symmetric (i.e., they cancel each other out).

Inequation 19, each of the phases has an electrical conductivity o;
and a volume fraction ¢;. Because each phase is distributed differ-
ently in the porous medium, each also has its own individual con-
nectedness G; = ¢ and connectivity x; = ¢™'; hence, each will
have its own phase exponent m;. It should be noted that equation 19
can be written as o = 2o ; Where o ; are the individual conductivi-
ty contributions from each phase calculated in isolation. Hence,
equation 19 contains the implicit assumption that the sum of the in-
teractions between the phase components is zero, which is a restate-
ment of equation 20.

Because there is no physical meaning in the word “cementation”
for the ith phase of a complex multiphase mixture, from this point
forward the term “phase exponents” or just “exponents” will be used
when referring to the exponents of the generalized model and “ce-
mentation exponent” will be reserved for referring to the exponentin
the classical Archie’s law.

In the generalized law, the phase exponents can take any value
from zero to infinity. Values less than unity represent a phase with an
extremely high degree of connectedness, such as that we would rec-
ognize as belonging to the solid matrix of a rock. Connectedness de-
creases as the phase exponent increases. Phase exponents of approx-
imately 2 represent the degree of connectedness that one might find
associated with the pore network in sandstone, whereas higher val-
ues represent lower connectedness such as that in a vuggy limestone.
Higher phase exponents would tend to be related to lower phase frac-
tions, although this form of the generalized law does not impose such
arestriction.

Although equation 19 seems like a intuitive extension of the clas-
sical Archie’s law, it is important to point out some subtle but impor-
tant differences in the physical meaning of the exponents. Examin-
ing the two Archie exponents and then the generalized law exponent,
we find that

1) The classical Archie cementation exponent m is the exponent
applied to the volume fraction of pores (porosity) in the rock as-
suming the pores to be full of a single phase (water) with a char-
acteristic conductivity.

2) The classical Archie saturation exponent 7 is the exponent ap-
plied to the water saturation, which is not the fraction of the wa-
ter in the rock but of that in the pores; hence, it is the exponent
applied to the volume fraction of a volume fraction of the rock.

3) Each of the exponents in the generalized law m; is the exponent
applied to the volume fraction of that phase in the rock assum-
ing that phase to have a characteristic conductivity.

Itis clear that the classical and generalized laws share the property
that the exponents modify the volume fraction of the relevant phase
with respect to the total volume of the rock. However, the exponents
on the generalized law differ from the classical exponent in that
some of them have values that are not measurable because the phase
to which they refer has a negligible conductivity. Despite this, each
phase has a well-defined exponent providing (1) it has a non-zero
volume fraction and (2) the other phases are well defined.

The classical Archie’s law can be derived from the generalized

law by considering a three-phase system in which equation 19 can be
rewritten explicitly as

0 =017 + 0,2 + 03933 = o+ Ty
+ O'f(,blfnf, (21)

where phases 1, 2, and 3 have been assigned to mineral matrix, gas,
and pore fluid, respectively.

Assuming that the mineral is not conductive, o, = 0, and the pore
space is fully saturated with water ¢, = 0, equation 21 becomes

o= opdpt. (22)

Note that the gas phase can take any conductivity in this analysis.
Because ¢ = ¢, + ¢ and ¢, = 0, we have ¢ = ¢ and equation
22 becomes the classical Archie’s law

o= op™. (23)

This is a trivial result analytically, yet important for two reasons.
First, it shows that the classical Archie’s law can be generated from
the generalized law. Second, it shows that each of the exponents in
the generalized law share the same physical meaning as those in the
classical Archie’s law because the same result is possible by setting
any combination of two phases to zero conductivity and noting that
the same logic applies to n phases.

It is important to state that all of the results and theoretical devel-
opment in this paper depend upon equation 20 being true for porous
media. We have stated but not proven that the hypothesis that the
sum of the Stieltjes integrals for # interacting phases in a porous me-
dium is zero because of its nontrivial nature. However, it should be
acknowledged that, since its initial proposal (Bergman, 1978; 1980;
1982; McPhedran et al., 1982; McPhedran and Milton, 1990; Mil-
ton, 1980; 1981), the use of a Stieltjes approach has been developed
(e.g., Zhang and Cherkaev, 2008; 2009; Cherkaev and Zhang, 2003)
and applied particularly to the calculation of the frequency-depen-
dent dielectric permittivity of multiphase mixtures (Zhang and Cher-
kaev, 2008). Although I have not found any application to mixtures
of electrical conducting phases, the apparent success of this ap-
proach leads me to be hopeful that further research into the Stieltjes
approach might (1) show that equation 20 is exactly or approximate-
ly true or (2) provide an expression for the interaction between the
phases that will improve the model. The use of the Stieltjes approach
to calculate the frequency-dependent dielectric permittivity of mix-
tures (Zhang and Cherkaev, 2009) holds the hope that it might also
be used to calculate the frequency-dependent electrical conductivity
of multiphase systems.

PRINCIPLE OF CONSERVATION
OF CONNECTEDNESS

We have already stated in equation 15 the classical result that the
sum of the volume fractions of all of the phases in a porous medium
must equal unity. Now we consider an analogous result for the con-
nectedness. We have already shown that the connectedness of a sys-
tem that contains only one phase is unity as a result of equation 12.
Intuitively, it seems reasonable that as one or more phases increase
their connectedness, other phases must lose connectedness. This
idea leads to the hypothesis that there is a fixed maximum amount of
connectedness possible in a 3D sample. It is possible to distribute it
between whichever phases are present in an infinite number of ways,
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but the total connectedness must not exceed some maximum value
that is defined by the topology of the 3D space.

Equation 19 must be valid for all combinations of the conductivity
of the phases that are present. Hence, we can use the special case
where o; = o for any value of i to generate the relationship

2¢li=2G=1. (24)

Now itis possible to say not only that the sum of the volume fractions
of the phases composing a 3D medium is equal to unity, but so is the
sum of the connectednesses of those phases. In other words, equa-
tion 24 is a statement of the principle of conservation of connected-
ness. In a multiphase system, the decrease in connectedness of one
phase is balanced by increases in the connectedness of the other
phases such that the overall connectedness remains unity.

CALCULATION OF PHASE EXPONENTS

In the application of equation 19, one assumes that the conductivi-
ty of the individual phases and their fractions are known. The ques-
tion arises whether it is possible to find a relationship for the calcula-
tion of the phase exponents along the same lines as that in Glover et
al. (2000a). Equation 19 is symmetric in the sense that no phase
holds a special place in the relationship. Therefore, it can be rewrit-
ten as

E¢?+@—E@feh (25)
i#] i#]
and therefore
(1 —E¢;“i) - (1 —Eqsi)‘“j; (26)
i#] i#j

hence, we arrive at

m; = 10g<1 -> ¢I“‘)/1og(1 -3 ¢i). 27)

i#] i#j

which is the exact solution of equation 26 for the phase exponent of
the jth phase in an ensemble of n phases.

Provided that the sum of all of the phases except the jth is signifi-
cantly less than unity (i.e., 2;4;¢; < 1), it is possible to expand the
right-hand side of equation 26 in the form

ax ala —1)x*

a__ -~
(1+x)?2=1+ 1!+ Y + ..., (28)
from which we find that
2N 26 X
i#] i#] i#]
= - _ . (29)
: > o > b (1-¢)
i#j i#]

Hence, the phase exponent of a particular phase is the sum of the
connectednesses of all of the other phases divided by the sum of their
fractions.

Because m; = log($j")/log(¢;) = log(G))/log(¢;), equation 29
may also be stated as

> P
log(#i) %)

log(d) g

i#j

d (30)

log(G) _ Ll
log(¢) E(ﬁi.

i#j

31)

Although these results are attractively elegant, they are only a first-
order approximation of equation 26 thatis valid for =;.;¢; < 1.

For two phases, we can easily also derive a second-order approxi-
mation of equation 26 using the expansion of the sum given by equa-
tion 28. Equation 26 can be written as

1—EGi=(1 —2@)‘“% (32)

i#j i#j
which for two phases becomes
1=G =(1-¢)™. (33)

Application of the second-order approximation of the expansion
equation 28 gives

2 2
(—%)m% + (¢1 + %)mz -¢M=0, (39

from which the roots m, can be calculated

2 2\2 2 12
{0028 o S

—¢i

my =

(35)

_ —(4+247) = (47 + 441 + ¢1 — 841¢1) '
—4¢7 '

my

(36)

Itis the positive root that provides the physical solution.

PHASE AND SATURATION EXPONENTS

We start once more by writing equation 19 explicitly for three de-
fined phases as in equation 21. This time, we assume that neither the
mineral nor the gas is conductive, i.e., o, = 0 and o, = 0, but we al-
low the pore space to be partially saturated with water such that ¢,
# 0. Equation 21 now becomes

o= opppt. (37)

This is the same equation as equation 22 but is valid for a different set
of scenarios:

1) Equation 37 is valid for ¢, # 0, whereas equation 22 is valid
only for ¢, = 0.
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2) Equation 37 requires that o, = 0 but equation 22 does not.

The distinction may be deemed trivial, but it is formally necessary
for the analysis.

Because ¢, # 0, the pore space is partially saturated with gas and
partially saturated with water. It is possible to write

¢ = ¢S, and
¢, = (1 —S) where
s0= b (39)

¢

Equation 37 can then be rewritten as
o =0t = a(PS,)" = oISy . (39)

Comparison with the classical second Archie’s law, which can be
written as (Tiab and Donaldson, 2004)

o= o Pp"Sy, (40)

shows structural similarity. However, equation 39 is expressed rela-
tive to the phase volume fraction of the fluid in the rock whereas the
classical second Archie’s law is expressed relative to the porosity of
the rock. Note also that there is no constraint on the value that the sat-
uration exponent n can have at this stage.

By setting 39 equal to 40 and invoking equation 12 we can write

p" = priSy™, (41)
Gpore =GiS,, ", (42)
Gi= GporeSan, (43)
Gy = GporeSyt, (44)
and
Gi = GporeS?i' (45)

In equations 41-45, we have recognized that (1) the classical Archie
saturation exponent refers to saturation with water and is hence re-
named as ng, and (2) the symmetry of the system allows us to write
equivalent equations for the gas phase (and any other phase that may
be present), with a gas saturation exponent n, that acts on the gas sat-
uration S, where

b, = pS, and
¢r= (1 —S,) where
¢
S, = T; (46)

Equation 42 states that the connectedness of the pore volume G .
(no matter what material occupies it) is equal to the connectedness of
the water phase G multiplied by a factor that depends on the frac-
tional water saturation of the pore space S,. Rearrangement of equa-
tion 42 gives equations 43 and 44, which describe the relationships
between the connectedness of each phase and the connectedness of
the volume that the phases occupy. If the two phases occupy the pore
space exclusively (i.e., S, + S, =1, or ¢+ ¢, = ), the sum of
their connectednesses is constant Gy + G, = G, Which s less than

unity because there is a finite and non-negligible connectedness as-
sociated with the (here nonconducting) mineral phase. We have gen-
eralized equations 43 and 44 to give the equation 45, which is true for
any number of phases occupying the pore space.

Note that equations 43—45 are an intuitive extension of the classi-
cal Archie’s law. We can write Archie’s law using our new symbolo-

gy as
o= o™ Sy, (47)
which is the same as
Gr= ¢S = GporeSy)- (48)

All one needs to do is replace G with G, n; with n;, and S, with S to
obtain equations 42—44. Hence, the new approach is also consistent
with Archie’s second law.

Equation 45 implies that the term S} is always less than or equal to
unity (i.e., S = 1), which constrains the values of the saturation ex-
ponents 7; to be positive (in the range 0 to + ).

If we combine equation 45 with equation 24, we obtain

n n—1 n—1

1=2Gi=Gy+ 2 Gi=Gy+ 2GSl (49)

i=1 i=1 i=1

where the nth phase is the mineral matrix and G, + Gyore = 1, allow-
ing us to write

sh=1. (50)
i=2

Hence, the application of the generalized model withinann — 1 sub-

set of the n phases in the multiphase system provides a form of the

generalized model that is expressed relative to the saturations S; of

each of the phases within the subset volume with the saturation ex-

ponent for each phase replacing the phase exponent. Here S;

= ¢,/ 2"_'¢;, which is a generalized form of equations 38 and 46.
We can map equation 24 to equation 50 and find that

hi— S
m;<—nj. (51)

This is equivalent to saying that suppose we take a multiphase medi-
um described by equation 24 and we dissolve, discount, or otherwise
remove one phase, the behavior of the other phases can be written as
equation 50 relative to the original medium or by using equation 24
and acting as if the removed phase never existed. Hence, equations
24 and 50 are formally equivalent but are valid in two different
frames of reference. The frame of reference for equation 24 is that
where the phases being considered compose the whole multiphase
medium. The frame of reference of equation 50 is that where the
phases being considered compose a subset of a multiphase medium
with at least one more phase than those being considered.
Comparison of equations 24 and 50 is remarkable in that it shows
that the generalized Archie’s law as formulated in this paper is truly
general in that it leads to (1) the classical Archie’s law for 100% wa-
ter saturation and (2) the classical Archie’s second law for partial sat-
uration. The generalized Archie’s law provides a deeper underlying
symmetry from which the classical laws can be derived as special
cases and in which the concept of connectedness is embodied. Equa-
tion 24 describes the conservation of connectedness in an n-phase
medium and is expressed relative to volume fractions, whereas
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equation 50 describes the same conservation of connectedness in an
n — 1 phase medium and is expressed relative to fractional volume
saturations instead. Although one could distinguish between the
phase volume connectedness G; = ¢{" and, say, the phase saturation
connectedness H; = S} depending on in which regime one wants to
work, the two are essentially interchangeable and depend only on the
frame of reference being used.

One might even envisage a process of “phase erosion” being car-
ried out recursively. In this process, equation 24 would be applied to
a given n-phase medium, and equation 50 would be used to describe
the behavior of an n — 1 phase subvolume of it. The relationships in
equation 51 would then be used to describe the n — 1 phase subvol-
ume as a complete multiphase medium in its own right (i.e., dis-
counting the first phase), to which equation 24 now applies, with the
new phase exponent being the previous saturation exponent. Equa-
tion 50 could then be used again on an n — 2 phase subset by dis-
counting a further phase, and the procedure would then be carried
further, recursively. The implications of and applications for this
procedure are still to be worked out.

Although further work will need to be done to ascertain why real
rocks seem to prefer saturation exponents near 2, which may be
linked to the classical exponent value close to the percolation thresh-
old (Montaron, 2009), we now have a theoretical link between the
phase (cementation) exponents for a given set of phases and their
saturation exponents.

PERCOLATION

It is interesting to consider the role of percolation effects within
the generalized model. In percolation theory, the bulk value of a giv-
en transport property is only perturbed by the presence of a given
phase with a well-defined phase conductivity after a certain phase
volume fraction has been attained. This critical volume fraction is
called the percolation threshold.

This works well for a two-phase system when one phase is non-
conductive. The Kirkpatrick effective medium theory model, which
was the first to consider percolation effects in porous media (Kirk-
patrick, 1973), is in good agreement with Monte Carlo simulations
of conductivity for a random resistor network on a simple 3D cubic
grid representing a bond and site model (Montaron, 2009). The Kirk-
patrick model has a percolation threshold of 0.342, which compares
with the theoretical value for a two-phase cubic block model of
0.3116 (Montaron, 2009). For such a system (one nonconducting
phase and one conducting) the conductivity depends on the conduc-
tivity of the conducting phase, its volume fraction, and how connect-
editis. Itis intuitive that there will exist a phase volume fraction be-
low which the conducting phase is not connected and the bulk con-
ductivity will be zero.

‘What happens then, when we introduce another conducting phase
that is in electrical contact with the first phase at certain points? The
percolation idea is not applicable to individual phases anymore be-
cause current is shared between the two phases as it crosses the sam-
ple. Perhaps we can apply percolation ideas to the combined two
conducting phase system, but we would have to take into account the
variable conductivity of the phase combination.

At first sight, it might be apparently reasonable to ask what hap-
pens when all conductive phases have volume fractions smaller than
the percolation threshold. However, the question itself presupposes
that all transport phenomena in rocks operate within a fixed and inert
(noncontributing) mineral framework. This is an assumption that

comes from our long habit of using the classical Archie’s law. In the
generalized model, the mineral framework is one (or more) of the
phases. In this conceptual approach, it is not possible that all conduc-
tive phases have volume fractions smaller than the percolation
threshold because if all but one have phases less than their percola-
tion threshold, the remaining phase, by definition, is extremely well
connected. We could define individual percolation thresholds for
each of n phases in isolation by considering all other phases to have
zero conductivity, but the procedure would be academic — as soon
as two (or more) of such phases are combined in a real sample, the in-
terchange of current between the phases makes the calculated perco-
lation thresholds meaningless.

It becomes clear that if we have more than two phases in which
each has a non-zero conductivity, the applicability of the percolation
ideas becomes unclear. Furthermore, it may be that the statement
that 2'G; = 1 (i.e., equation 24) in the generalized model contains
enough information to make the explicit inclusion of percolation ef-
fects unnecessary. This is a hypothesis that will need to be tested ro-
bustly before it can be considered to be valid.

EXAMPLE OF THE USE OF THE
GENERALIZED LAW

Let us assume that we have an arbitrary 3D medium with four dis-
tinct phases as set out in Table 2. In this example, phases 1, 2, and 3
have well-defined fractions, conductivities, and phase exponents
from which their connectednesses and connectivities can also be cal-
culated. Phase 4, although having a well-defined electrical conduc-
tivity, has a volume fraction, phase exponent, connectedness, and
connectivity that depend on the other three phases. In the table, the
defined values are shown in bold type, while the values calculated
from the equations developed in this paper are shown in normal type.

In this example, phase 1 represents the fluid-filled pore space,
with a phase volume fraction of ¢; = 0.1, a phase exponent of m,
= 2, and has been filled with a hypothetical electrolyte with a con-
ductivity of o; = 10 S/m. These values are similar to that which one
might use in an application of the classical Archie’s law.

Phase 2 represents the electrical double layer. This has been as-
signed an arbitrary conductivity of o, = 50 S/m and a phase expo-
nent of m, = 2 (equal to that of the pore fluid). There is no reason
why phase 2 should not have a different phase factor from that of the
phase 1; however, it is likely to be similar because the complexities
of the pore network and the surface of that pore network are likely to
be similar. The electrical double layer (phase 2) has been assigned a
phase volume fraction of ¢, = 0.05, which implies that the total po-
rosity of the rock is ¢» = 0.15, but the mobile pore fluid has a fraction
between 0.10 and 0.15. There are no fundamental theoretical diffi-
culties that arise from considering the electrical double layer volu-
metrically as in this example. However, if the reader finds it awk-
ward, he/she could imagine phase 2 as a conductive mineral coating
instead.

Phase 3 represents that part of the rock matrix that is iron pyrites,
FeS,. Ahigh-volume fraction ( ¢; = 0.2) has been assigned arbitrari-
ly to phase 3 together with a phase conductivity of o3 = 100 S/m
(Lide, 2009). This phase was considered to be dispersed throughout
the rock with alow connectivity; hence, it has been assigned a higher
phase exponent than phases 1 and 2. A phase exponent value of m;
= 4 was used initially.

The remainder of the rock is composed of quartz for which an ar-
bitrary and very low conductivity has been assigned (o,
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= 10" S/m). Neither the fraction nor the phase exponent of the
quartz phase has been assigned. However, they can be calculated
from the equations developed in this paper.

In the first part of Table 2, we can see that the phase exponent of
the quartz phase is my = 0.03296 using equation 27 (exact solution)

E255

and my = 0.0403 using equation 29 (first-order approximation). In
both cases, this is less than unity because the quartz phase is by far
the best connected phase of all of those present although it does not
contribute to the overall conductivity of the rock. This is demonstrat-
ed by its calculated connectedness G4 = 0.9859 and 0.9828 and its

Table 2. Example using the generalized law.

Phase
Phase (cementation) Conductivity
Phase Fraction  conductivity exponent Connectedness ~ Connectivity contribution Percent
i Type b i m; G, Xi T4 contribution
(=) (=) (=) (S/m) (=) =) (=) (S/m) -
Scenario 1 — base case
Exact solution (equation 27)
1 Fluid 0.1 10 2 0.01 0.1 0.1 25.97
2 EDL 0.05 50 2 0.0025 0.05 0.125 32.47
3 FeS, 0.35 100 4 0.0016 0.008 0.16 41.56
4 Quartz 0.50 10-% 0.03296 0.9859 1.517 9.86 X 10 2.56X 10718
Sum 1 1 0.385
First approximation (equation 29)
1 Fluid 0.1 10 2 0.01 0.1 0.1 25.97
2 EDL 0.05 50 2 0.0025 0.05 0.125 32.47
3 FeS, 0.35 100 4 0.0016 0.008 0.16 41.56
4 Quartz 0.50 10-% 0.0403 0.9828 1.512 9.83Xx 10~ 2.55X 10718
Sum 1 0.9969 0.385
Scenario 2 — increasing the phase 3 volume fraction, ¢; = 0.35%
Exact solution (equation 27)
1 Fluid 0.1 10 2 0.01 0.1 0.1 5.79
2 EDL 0.05 50 2 0.0025 0.05 0.125 7.24
3 FeS, 0.35 100 4 0.0150 0.0429 1.500 86.96
4 Quartz 0.50 10-2 0.0402 0.9725 1.9449 9.724 X 10~ 5.6356 X 107"
Sum 1 1 1.726
First approximation (equation 29)
1 Fluid 0.1 10 2 0.01 0.1 0.1 5.79
2 EDL 0.05 50 2 0.0025 0.05 0.125 7.24
3 FeS, 0.35 100 4 0.0150 0.0429 1.500 86.96
4 Quartz 0.50 10-2 0.0550 0.9625 1.9252 9.6259 X102 5.5782% 101
Sum 1 0.9901 1.726
Scenario 3 — increasing the phase 3 volume fraction to ¢; = 0.35 and reducing m; to m; =3
Exact solution (equation 27)
1 Fluid 0.1 10 2 0.01 0.1 0.1 222
2 EDL 0.05 50 2 0.0025 0.05 0.125 2.77
3 FeS, 0.35 100 3 0.0429 0.1225 4.288 95.01
4 Quartz 0.50 10-2 0.0822 0.9446 1.8892 9.4463 X 102 2.0934 %1071
Sum 1 1 4.5125
First approximation (equation 29)
1 Fluid 0.1 10 2 0.01 0.1 0.1 222
2 EDL 0.05 50 2 0.0025 0.05 0.125 2.77
3 FeS, 0.35 100 3 0.0429 0.1225 4.288 95.01
4 Quartz 0.50 10-2 0.1108 0.9261 1.8522 9.2611 X102 2.0523 X101
Sum 1 0.9815 4512
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connectivity x, = 1.517 and 1.512 for the exact solution and the
first-order approximation, respectively. It should be noted that the
sum of the connectednesses of all of the phases is exactly unity when
using equation 27, which is the value predicted theoretically. The
sum of all of the connectednesses is 0.99609 if the first-order approxi-
mation is used, which is close to unity and shows that the first-order
approximation is a reasonable solution in this example. The last two
columns of Table 2 show the conductivity contributions (o) from
each phase as an absolute value and as a percentage. The calculated
bulk effective conductivity is o = 0.385 S/m and it is clear that
there are significant contributions from phases 1, 2, and 3 (25.97%,
32.47%, and 41.56%, respectively). However, the conductivity con-
tribution from phase 4 is negligible despite phase 4 having the great-
er fraction, connectedness, and connectivity. In this example, each of
phases 1-3 contribute significantly to the conductivity of the rock de-
spite some having a low connectedness (i.e., phase 3), and others,
such as phase 1, having a relatively low conductivity.

If we increase the volume fraction of the iron pyrites to 35% (¢
= 0.35) at the expense of the quartz, which then has a volume frac-
tion of 50% (¢4 = 0.50), (Table 2, second part) we can recalculate
the phase exponent of the fourth phase, obtaining 2, = 0.0402 and
0.0550 using the exact solution (equation 27) and the first-order ap-
proximation (equation 29), respectively. This is still considerably
less than unity because the quartz phase remains by far the best con-
nected phase of all of those present as shown by its calculated con-
nectedness G4 = 0.9725 and 0.9625 and its connectivity y, = 1.945
and 1.926 for the exact solution and the first-order approximation,
respectively. It should be noted that the sum of all of the connected-
nesses remains exactly unity when using equation 27, as before, and
5 0.9901 if the first-order approximation is used, which is also close
to unity. Itis clear that there are not insignificant conductivity contri-
butions from phase 1 and phase 2 (5.79% and 7.24%, respectively),
but now phase 3 (the iron pyrites) is dominant, contributing 86.96%
of the bulk conductivity. The bulk conductivity has risen to o
= 1.7256 S/m. The phase 3 contribution is now approximately 10
times what it was for the initial scenario (¢; =0.2, m3 =4, ¢,
= 0.65) and over 10 times the contribution from phase 1 or phase 2.
The conductivity contribution from phase 4 remains negligible de-
spite it continuing to have the largest volume fraction (¢, = 0.50),
connectedness (G4 = 0.9725 and 0.9626, for the exact and first-or-
der solution, respectively), and connectivity (x4 = 1.945 and 1.925,
respectively). The increase of the volume fraction of the iron pyrites
from 20% to 35% has overcome its lower phase exponent (m; = 4)
to become the main conduction contributor.

In the above discussion (second part of Table 2), we increased the
volume fraction of the iron pyrites from 20% to 35% but did not
change its phase exponent. We would expect such an increase in
phase volume fraction to result in a lower phase exponent because of
an increase in the connectedness of the phase. If the phase exponent
of the iron pyrites had dropped from 4 to 3 because of its increased
phase volume fraction (Table 2, third part), we find that the phase ex-
ponent of the fourth phase becomes m, = 0.0822 for the exact solu-
tion (equation 27) and m, = 0.1108 for the first-order approximation
(equation 29), which are still much less than unity because the quartz
phase remains by far the best connected phase with a connectedness
G, =0.9446 and 0.9261 and connectivities y4 = 1.8892 and 1.8522
for the exact and first-order approximation solution, respectively.
The sum of the connectednesses of all phases remains exactly unity
when using equation 27, as before, and is 0.9814 if the first-order ap-
proximation is used. The bulk effective conductivity has risen again

and is now o =4.51 S/m. The conductivity contribution from
phase 3 is now much the most dominant, amounting to 95% of the
bulk conductivity, which is 27 times its value for the initial scenario
(p3=10.2,m; =4, ¢4 = 0.65). Now the contributions from phases 1
and 2 each remain smaller than 3% of the bulk conductivity (2.22%
and 2.77%, respectively), and that of phase 4 remains negligible.

An example such as that shown in Table 2 is useful in a semiquan-
titative fashion but represents only one set of scenarios. We have ex-
amined the behavior of the generalized Archie’s law theoretically
and in more detail in the following two sections.

APPLICATION TO TWO PHASES

The first test of the generalized Archie’s law should be against the
original. However, it is immediately extremely clear that this pro-
cess is a triviality with no meaning because it is clear from equations
19-23 that the generalized Archie’s law collapses to give the original
Archie’s law if one considers a single phase.

A more interesting test is a comparison of the generalized Archie’s
law with the results of the modified Archie’s law for two phases
(Glover et al., 2000a). However, in such a procedure it is wise to re-
member that the generalized Archie’s law and the modified Archie’s
law for two phases are derived in a similar manner. A distinction
should also be made among (1) the formal statement of the general-
ized Archie’s law as embodied in equation 19 with equation 27, (2)
the first-order simplification of the expansion of the sum described
by equation 19 with equation 29, and (3) the second-order or higher
simplifications.

Figure 1 shows the results of using the generalized Archie’s law
and the modified Archie’s law for a suite of two phase systems in
which phase 2 has a fixed conductivity (o, = 1 S/m) whereas phase
1 has been assigned a range of conductivity values that vary from o
= 0.01 to 1000 S/m. The figure has six parts, which are arranged in
pairs according to the phase 2 exponent, m, = 1, 2, and 3. Parts a, c,
and e show the change of conductivity on a log scale as a function of
the fraction of phase 2 for all values of the conductivity of phase 1.
Parts b, d, and f show the change of conductivity on a linear scale as a
function of the fraction of phase 2 but for only those values of the
conductivity of phase 1 that are less than unity. This has been done to
accentuate the very small differences between the curves when o
<1 S/m. Each panel contains four different calculated bulk con-
ductivity curves: (1) that calculated using the modified Archie’s law
from Glover et al. (2000a) as a solid line, (2) that calculated using the
exact solution of the generalized Archie’s law (equation 19 with the
phase exponent of phase 1 calculated from equation 27) also as a sol-
id line, (3) that calculated using the first-order simplification of the
generalized Archie’s law (equation 19 with the phase exponent of
phase 1 calculated from equation 29) as a dotted line, and (4) that cal-
culated using the second-order simplification of the generalized Ar-
chie’s law (equation 19 with the phase exponent of Phase 1 calculat-
ed from equation 36) as a dashed line.

The most important observation is that the result of the exact solu-
tion of the generalized Archie’s law is exactly the same as the solu-
tion of the modified Archie’s law from Glover et al. (2000a) for all
tested values of (1) the phase exponent of phase 2, (2) the relative
conductivity of the two phases, and (3) the relative volume fraction
of the two phases. This is demonstrated in Figure 1 by the solutions
of both approaches being colinear (i.e., producing one indistinguish-
able solid line for all values of ¢, ¢, m,, o1, and o5).

Furthermore, for m, = 1 (parts a and b), all of the solutions are the
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same, which represents a trivial solution to equation 27 that results in
the connectedness of each phase being equal to the volume fraction
of that phase.

For m, # 1, the question arises whether an approximation of equa-
tion 26 can provide sufficiently good results. Although the second-
order approximation performs better than the first-order approxima-
tion, as expected, the first-order approximation itself provides a suf-
ficiently good solution providing that (1) the conductivity of the
phase with the unknown exponent (here phase 1) is smaller than that
of the other phase by at least 1 order of magnitude, or (2) the volume
fraction of phase 2 remains less than approximately 40% (less than
approximately 60% for the second-order approx-

E257

scribe the behavior of three interacting phases (with Figure 3), and
then we will describe an alternative and more instructive way of rep-
resenting the data (in Figure 4).

We begin with phase 1 and define a constant phase fraction (¢,
=0.1), a constant phase conductivity (o, = 0.02), and a constant
phase exponent (m; = 2), from which a constant phase 1 connected-
ness (G, = 0.01) and constant connectivity (x; = 0.1) can be calcu-
lated. These values represent an unchanging conducting phase that is
distributed through the rock. These parameters also allow us to com-

imation solution). a) b)
Figure 2 shows the calculated phase exponents 1000 1.0
of phase 1 as a function of the same exponent cal- — 100 = 09
culated with the modified Archie’s law for two t% g 3'3
phases using the exact generalized Archie’s law > 10 \ > 0'6
and the two approximations to it. These results do % 1 % 0: 5
not change with varying relative conductivity of 3 3 04
the two phases but do vary with the phase expo- § 0.1 é 0.3
nent of phase 2. All values are colinear for 0.2
m, = 1, and the result of the exact generalized law 0.01 0.1
is colinear with the modified Archie’s law for all 0.001 I J sl 0.0 sl
values of m,. However, increasing m, induces er- 0 02 04 06 08 1 0 02 04 06 08 1
rors in the solutions from the first and second ap-
. . . c) d)
proximation methods, with the errors being larger 1000 1.0
for the first-order approximation method, for 1001 _ 0.9
small volume fractions of phase 1, and for large E E 08
values of m,. Uv; 10/ % 0.7
Although the conclusions that can be drawn = £ 06
from the application of the generalized law to a E 1 g 05
two-phase system are limited, it has become clear -g 04 g 0.4
that the exact solution performs perfectly (i.e., the o o 03
use of equation 19 with the phase exponent of 0.01 02
phase 1 calculated from equation 27), whereas mp=2 o1 mp=2
there are large ranges of parameters for which the 0.001 0 02 04 06 08 1 0.0 0 02 04 06 08 1
approximations to the calculation of the missing
exponent are approximately valid (i.e., using €) 1000 f) 10—
equation 19 with the phase exponent of phase 1 0.9 -
calculated from equation 29 for the first-order ap- = 100 € 08
proximation or equation 36 for the second-order @ 10 B g7
approximation). ‘3 %‘ 0.6
T 1 B 05
APPLICATION TO THREE PHASES § 01/ § o
It is instructive to examine the behavior of the 0.01 0.2
general model for three phases. The problems that 0.1
appear are not caused so much by complications 0.001 0 02 04 06 08 1 003 02 04 06 08 1

in the model as in finding a reasonable way to rep-
resent the results of the model. The root of this
problem arises from the fact that although the
sum of the connectednesses of all phases is unity,
the connectednesses depend on the phase fraction
and the phase exponent, and all three phase frac-
tions and the three phase exponents are inter-re-
lated. To examine a model, we would normally fix
a given exponent and then examine how the cal-
culated conductivity varies with the phase frac-
tion. To begin, we will show that such an ap-
proach is not instructive when attempting to de-

Fraction of Phase 2 (-)

Fraction of Phase 2 (-)

Figure 1. The variation of total conductivity as a function of the volume fraction of phase
2 for the generalized Archie’s law applied to a two-phase system for three different values
of m,. In all cases, the conductivity of phase 2 is constant and equal to 1 S/m. Calcula-
tions have been carried out for 12 different values of the conductivity of phase 1 (0.001,
0.01,0.03,0.1,0.3, 1, 3, 10, 30, 100, 300, and 1000 S/m), which can be read on the y-axis
when ¢, = 0. Panels a, c, and e show the full variation on semi-log axes. Panels b, d, and f
show the same data on linear axes to better show the variation when the conductivity is
less than 1 S/m. Solid lines represent the exact solution of the generalized Archie’s law
(equation 27) and the solution of the modified Archie’s law for two phases (Glover et al.,
2000a), which are colinear. The dotted lines represent the first-order solution of the gener-
alized Archie’s law (equation 29), and the dashed lines represent its second-order solu-
tion (equation 36).
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Figure 2. A comparison between the results of the exponent of phase
1 calculated with the generalized Archie’s law (y-axis, this paper)
and the modified Archie’s law (x-axis, Glover et al., 2000a) for three
defined values of the imposed exponent of phase 2. (a) m, = 1, and
all three solutions of the generalized Archie’s law are colinear and
exactly the same as the solution of the modified Archie’s law. (b) m,
= 2, and the exact solution of the generalized Archie’s law is exactly
the same as the solution of the modified Archie’s law but there is a
discrepancy in the first- and second-order approximate solutions. (c)
m, = 3, and the exact solution of the generalized Archie’s law is ex-
actly the same as the solution of the modified Archie’s law but there
is a larger discrepancy in the first- and second-order approximate so-
lutions.

Figure 3. The solution of the generalized Archie’s law for three phas-
es for constant values of the exponent of phase 2. The variation of
connectednesses and exponents of phases 2 and 3 together with the
total resulting conductivities are shown as a function of the volume
fraction of phase 3. Green = m,, blue = ms, purple = G,, black
= G3, and red = total conductivity (S/m). Values common to all
parts of the graph: oy = 0.02 S/m, 0, = 0.1 S/m, 03 =3 S/m, ¢,
= 01, my; = 2, Gl = 001,0S (]5250.9,0.92 ¢320 (a) my = 2, (b)
m, = 3,and (c) m, = 4.
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pute the contribution to the total conductivity of the sample provided
by phase 1 (o, = 0.0002). In the remainder of this paper, the sym-
bols o are used to represent the conductivity contribution from
each of the i phases.

The remaining volume fraction of the rock is considered to be split
into two parts (phase 2 and phase 3). The phase 2 fraction ¢, varies
between zero and 0.9 and has a constant phase conductivity (o,
= 0.1). We will, for the time being, define a constant phase 2 expo-
nentm, = 2, 3, or 4. As before, we can calculate the phase 2 connect-
edness G,, connectivity x», and hence a phase 2 conductivity contri-
bution o, that all vary with the phase 2 volume fraction ¢,.

The phase 3 parameters can now be calculated. The phase 3 frac-
tion ¢; varies between 0.9 and zero and is calculated with equation
15. The phase 3 conductivity has been taken to be o3 = 3. The phase
3 exponent m; can then be calculated directly and exactly using
equation 27 or by using the first approximation (equation 29). If the
first approach is taken, then the connectedness of phase 3 can be
readily calculated and then it can be confirmed that the sum of all
three connectednesses is unity. If the second approach is taken, the
sum of all of the connectednesses must be calculated to confirm that
the first approximation method is valid for the parameter set being
used. We recommend that the sum of all connectednesses should
conform to the limits 0.95=Z2"G;=1 for the first approximation
method to be considered satisfactory. Finally the phase 3 connectivi-
ty x» and phase 3 conductivity contribution o can be calculated as a
function of the phase 3 volume fraction ¢;.

The total conductivity of the system is the sum of the individual
contributions according to equation 19 (i.e., 0 = 0 + 00 + T .
Figure 3 shows the results of this calculation. In each case, the con-
nectednesses and exponents of phase 2 and phase 3 and the total con-
ductivity are shown as a function of the volume fraction of phase 3.
The conductivity contribution from phase 1 is very small. As the vol-
ume fraction of phase 3 increases from zero to 0.9, the conductivity
increases nonlinearly until it reaches a value of 2.97 S/m at ¢,
= 0.1 and ¢; = 0.9, irrespective of the value of m,. As the fraction of
phase 3 increases from zero to 0.9 and that of
phase 2 decreases from 0.9 to zero, the connect-

was used to derive it; rather, they arise because we have made an as-
sumption in its application that is not correct for real porous media.
The false assumption is that the exponent of phase 2 remains con-
stant (here at m, = 2) for all values of the phase volume fraction of
phase 2. This is clearly an unreasonable expectation because we may
imagine that even a small decrease (increase) in the volume fraction
of a given phase will lead to a reduction (increase) in its connected-
ness and consequently a reduction (augmentation) of the relevant
phase exponent. A description of the relationships between connec-
tivity and porosity is given in Glover and Walker (2009).

The relationship between the exponents of the phases that com-
pose a given porous medium and their volume fraction are funda-
mental properties of the porous medium and are defined by the ar-
rangement of its various components. For a porous medium consist-
ing of n phases in which each phase has a volume fraction ¢;, there
exists a set of functions f; ( ;) = m; that obey two sets of constraints.
The first set arises from the generalized Archie’s law and are 2!_, ¢,
=1 and 2!¢" = 1. The second set results from the necessary
boundary conditions that limagﬁo( ¢") =0 and limd,ﬁl((ﬁ;n‘) =1as
well as lim¢ﬁ|( fi( ;) = 0. The constraint that lim(/,ﬁo( fi( ) = o0
that might be imagined also to exist is not necessary because the
phase exponent may take any value in the previously defined limit
lim(,,ﬁo( @) = 0. The solution of the problem f; (¢;) = mj is in the
domain of mathematicians and will be the subject of a further paper.

For the moment, let us keep the phase 1 parameters constant (¢,
=0.1 and f,(¢;) =m, =2) and impose a general condition for
phase 2 that ¢,[ 0,0.9] with the exponent function defined arbitrarily
as

foy) =my=C—A(d; + ¢,)". (52)

For example, if we take A = 9.905, B = 2, and C = 10, the exponent
of phase 2 varies nonlinearly from 0.095 to 10 as the volume fraction
of phase 2 varies from 0.9 to zero (i.e., phase 3 varies from zero to
0.9).

3.5 ——Exponent Phase 2, B-0.5
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edness of phase 3 increases and the connected-
ness of phase 2 decreases concomitantly. The ex-
ponent of phase 2 is constant and greater than uni- 104
ty, whereas that of phase 3 describes a complex
shape and is less than unity. At first sight all seems N 153
correct. However, there are various issues that Z‘E’ Pl e
will be described for the case where m, = 2 (Fig- % 0.1
ure 3a) but have analogues for all other sets of the u%
input parameters. 0.01
1) The value of the total conductivity at ¢, 0.001 -
= 0.1 and ¢; = 0.0001 (solution at exactly '
zero is not possible) is approximately 0.622
when it should be 0.0812. This is because 0'00010.6' 01

the connectedness of phase 3 at ¢p; = 0.1 and
¢;=0.0001 is 0.18018 when it should be
close to zero.

2) The calculated exponent of phase 3 has a
complex form that is difficult to interpret
physically.

02 03 04 05 06 07 08 09 1.0

Fraction of Phase 3

Figure 4. The solution of the generalized Archie’s law for three phases for a variable
phase 2 exponent. The variation of connectednesses and exponents of phases 2 and 3 to-
gether with the total resulting conductivity are shown as a function of the volume fraction
of Phase 3. Green = m,, blue = m;, purple = G,, black = G3, and red = total conductivi-
ty (S/m). Values common to all parts of the graph: oy = 0.02 S/m, 0, = 0.1 S/m, o3

=3 S/m,A =9.905,B = 0.5 (solid line), 1 (dashed line) and 2 (dotted line), and C = 10,

These two observations are not caused by failures
in the general law or of the analytical method that =0

where m, = C — A(y + )P, ¢, = 0.1, m, =2, G, = 0.01, and 0= ¢,=0.9,0.9= ¢,
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This is much more realistic for a real porous medium and is shown
in Figure 4. In this figure, all parameters are shown as a function of
the volume fraction of phase 3. The phase 1 parameters are kept con-
stant (¢; = 0.1 and m; = 2). In other words, phase 1 remains physi-
cally unchanged no matter what variations occur to the other parts of
the porous medium. The exponent function of phase 2 is defined by
equation 52 with A = 9.905, C = 10, and B taking values of 0.5, 1,
and 2, shown by the green curves in the figure.

The purple curves show how the connectedness of phase 2 be-
haves, starting at a value near unity (0.99, 0.9989, and 0.9898 for the
three values of B, respectively) for ¢, = 0.1 and ¢, = 0.8999, and
decreases sigmoidally as the volume fraction of phase 2 decreases
(phase 3 increases) until it becomes zero for all curves at ¢, = 0.1
and ¢, = 0.

The black curves show the variation of the connectedness of phase
3, which mirrors that of phase 2 because the constraint that the sum
of all connectednesses is unity. Hence, the connectednesses of phase
3 are all equal to 0.99 at ¢; = 0.9 (the connectedness of phase 1 is
0.01, which ensures the unity sum) and become almost zero when
¢, =0.1 and ¢;=0.0001 (2.15X1073, 7.32X 107>, and 1.77
X 1074, respectively, for the three values of B). This represents a
much more reasonable physical behavior than was encountered in
Figure 3.

Consequently, the total conductivity (red curves) also behaves
more reasonably. The total conductivity at ¢, =0.1 and ¢;
=0.0001 is 0.099262 S/m, 0.099412 S/m, and 0.099712 S/m for
B = 0.5, 1, and 2, respectively, which are close to the theoretical val-
ue (0.09918 S/m).

The shape of the exponent of phase 3 (blue curves) is still com-
plex, but it is now possible to attempt to interpret it. The initial de-
crease in the exponent of phase 3 (between ¢; = 0 and 0.65) repre-
sents an increase in the number of pathways of conduction available
in phase 3, which mirrors the increase in the connectedness of phase
3 (black curves). This augmentation of pathways of conduction
available to phase 3 happens at the expense of those for phase 2, and
itcan be seen that this is represented by a concomitant increase in the
phase exponents of phase 2 (green curves) and a diminution in its
connectedness (purple curves). The subsequent increase in the expo-
nent of phase 3 (between ¢; = 065 and 0.9), which occurs while the
phase exponent of phase 2 continues to increase, results from the
conversion of phase 2 to phase 3 without significant increase in the
number of pathways available to phase 3.

Modeling has been carried out for combinations of ¢, = 0.1, 0.2,
0.3,0.4,0.5,0.6,0.7,0.8,and 0.9; m; = 1, 2, 3,4, and 5; and for rela-
tive values of the electrical conductivity of each phase as well as for
combinations of values of A, B, and C. In each case, the results were
found to behave in a consistent manner. Unfortunately there is insuf-
ficient space to display all of the results here. Figure 5 shows some of
the results that indicate the importance of minor phases. In each part
of this figure we have plotted the exponents and connectednesses of
phases 2 and 3 together with the total conductivity. As in Figure 4,
there are three curves for each parameter that represent B = 0.5, 1, or
2. The other phase 2 exponent coefficients are different from Figure
4 (A =49 and C =5). Figure 5a and b shows the results when ¢,
= 0.1 and m, = 2 and for when ¢, = 0.1 and m, = 3. The effect of
changing the exponent of phase 1 from 2 to 3 makes the connected-
ness of phase 1 10 times smaller (going from 0.01 to 0.001), which
allows the connectedness of phase 3 to be higher at any given phase 3
fraction and hence allows the exponent of phase 3 to be smaller. In

other words, a larger phase 1 exponent allows more flexibility in the
arrangement of the other two phases.

Figure 5c-f shows the effect of increasing the volume fraction of
phase 1. Figure 5c is the same as Figure 5a except the volume frac-
tion of phase 1 has been doubled to 0.2. The differences are subtle
but important: The exponent of phase 3 does not reach such low val-
ues as in Figure 5a because it is constrained by the greater volume of
phase 1. More importantly, the phase 3 exponent curves do not ex-
tend all of the way across the diagram. Why is this? The missing
phase 3 exponent curves for values of the phase 3 volume fraction
less than approximately 0.05 is entirely consistent with the general-
ized Archie’s law. It indicates that there is no solution of the law for
¢ =02,m =2,m=5—49(¢, + ¢,)® when ¢;=0.05 (i.e., ¢,
=(.75) because the sum of the connectednesses X! ¢{" > 1.In other
words, phases 1 and 2 take up so much connectedness that there is no
room for phase 2 although the requirement that 2'_, ¢, = 1 demands
it. However, if one increases the exponent of phase 1 to, say, 3 as in
Figure 5d, the connectedness of phase 1 once again diminishes suffi-
ciently for the phase 3 exponent to be well defined for the entire
range of its volume fraction. Figure Se and f shows the same effect
but for ¢»; = 0.3. The missing curves imply that for Figure 5c and e
our imposition that m, =5 — 4.9(¢, + ¢,)® is not consistent with
the other parameters in the model.

Having analytically examined the behavior of the generalized Ar-
chie’s law, it would be best to validate the law experimentally. Un-
fortunately the experimental substantiation of equations 19, 24, 27,
and 29-31 requires a suite of experiments that would be unmanage-
ably vast and technically extremely difficult, as discussed in the next
section.

CONCERNING EXPERIMENTAL DATA

Ideally it would be possible to provide experimental validation for
the generalized law in the same manner as for the modified law for
two phases (Glover et al., 2000a). However, a broadly ranging re-
view of the literature covering all sciences has not found any data-
base that we could use for such a validation.

One might say that reservoir engineers have large amounts of
three-phase data for the rock/air/water system. Unfortunately, these
data are not helpful because although this is a three-phase material
system, it is only a two-phase conductivity system, with the conduc-
tivity of the rock matrix and the air being zero.

The validation of this model in a true three-phase conductivity
system is a large body of work that we have begun and to which we
would invite anyone interested to cooperate or to carry out in paral-
lel. In this section, I outline some of the technical difficulties that are
involved.

To validate the generalized law experimentally for each of the n
phase systems (i.e., 3,4, 5, etc.), it is necessary to measure indepen-
dently the volume fractions, the exponents, and the conductivities of
all of the phases.

There are three possible independent variables: (1) the phase vol-
ume fraction, (2) the phase conductivity, and (3) the phase connect-
edness. Of these three, the first two may be controlled. Hence, it is
best to carry out tests as a function of phase conductivity and phase
volume fraction, deriving in each case a measure of the phase con-
nectedness (e.g., G; or m;) that can then be compared with that pre-
dicted by the model (and other models if they exist). For example,
for a three-phase system, it is sufficient to confirm that (1) the mea-
sured bulk effective conductivity as a function of the conductivity of
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each of the phases matches that obtained from the model (equation fraction and phase exponent to be measured independently. A broad
19), and (2) the use of equation 24 produces predicted values approach to this problem might take the following form:

of the missing exponent that matches calculated from experi-

mental data using the equation m; = (log(o — 0" — T, P5?) 1) Takeacylindrical sample space.

—log(03))/1og( ¢3). Effectively, this is the same scheme that was 2) Create within it a solid framework of material A with conduc-
used in the validation of the modified Archie model for two phases tivity o , (measured independently).

(Glover et al., 2000a) but extended to three phases. 3) Calculate the volume fraction of material A using the density

The difficulty lies in the creation of valid 3D samples in which
each phase is sufficiently mechanically stable for its phase volume

and weight of the material used and the volume of the sample
space.
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Figure 5. The solution of the generalized Archie’s law for three phases: The effect of changing the volume fraction and exponent of Phase 1. The
variation of connectednesses and exponents of phases 2 and 3 together with the total resulting conductivity are shown as a function of the volume

fraction of phase 3. Green = m,, blue = mj3, purple = G,, black = Gj3, and red =

total conductivity (S/m). Values common to all parts of the

graph: 0y =0.02 S/m,0,=0.1 S/m,0;=3 S/m,A =4.9,B = 0.5 (solid line), 1 (dashed line) and 2 (dotted line), and C = 5, where m, = C
—A(QS] + ). (@) p,=0.1,m; =2,G, =0.01,0=¢$,=0.9,09= ¢p;=0; (b) $, =0.1,m; =3, G, = 0.001,0= ¢,=0.9,0.9= ¢;=0; (¢c) ¢,
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_0.09,05¢250707>¢320 (F) ¢, =03, m, =3, G, = 0.027,0= ¢,=<0.7,0.7= ¢s=0. (¢, = 0.1 S/m, 0.1=¢h,=1, 0, = 0.1 S/m,
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Downloaded 21 Dec 2010 to 132.203.71.130. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



E262 Glover

4)  Measure the effective conductivity of the material A/air two-
phase system.

5) Calculate the exponent of phase A.

6) Create a solid framework of material B with conductivity o
(measured independently) within the sample space and inter-

penetrating phase A.

7) Ensure that there is reasonable electrical connection between
phase Aand B.

8) Gravimetrically calculate the volume fraction of material B as
before.

9) Measure the effective conductivity of the material A/material
B/air three-phase system.

10) Calculate the volume fraction of void space.

11) Calculate the exponent of phase B.

12) Fill remainder of sample space with material C (a set of aque-
ous electrolytes o= 10"*= ¢y= 10 S/m, measured indepen-
dently).

13) Measure the effective conductivity of the material A/material
Bl/electrolyte three-phase system for several different electro-
lyte conductivities.

14) Confirm that the effective conductivity as a function of phase C
conductivity data is well fitted by equation 19.

15) Calculate the phase exponent of phase C from the experimental
data.

16) Predict the phase exponent of phase C from the generalized
model (equation 19) and compare with the experimentally ob-
tained value.

It would be necessary to carry out the above procedure for many
samples composed of different volume fractions and arrangements
of material Aand B.

There are several significant technical hurdles to be passed also,
including sourcing material A and material B, which should be me-
chanically stable, chemically inert, insoluble in water, and with con-
stant electrical conductivities that are sufficiently different to be dis-
tinct, while both being within the range of values taken by the NaCl
electrolyte (10" *=0(=10 S/m).

In the face of such experimental difficulties, we have chosen to
test the equations using numerical modeling, with the warning that a
full validation of these equations by modeling represents a much
greater corpus of work than it would be possible to include in a single

paper.

N

Figure 6. (a) Geometry of the numerical model (here a 5X5X35
model is shown for simplicity; the real size was 20 X 20 X 20) and
the tetragonal grid used in the numerical modeling (red = 10 V). (b)
An example of a numerical solution of electrical potential across the
cube (blue =0 V).

NUMERICAL MODELING METHODOLOGY

In a stationary coordinate system, the point form of Ohm’s law
states, in its most general form, that

J=0E +J., (53)

where J is the total current density, o is the conductivity, E is the
electric field, and J, is a externally imposed current density (if
present). The static form of the equation of continuity then gives us

VJ=-V-(cVV-1J)=0, (54)

where Q; is an externally generated current source (if present). In this
modeling, there is no externally imposed current; hence, J. = 0 and
0;=0.

The model is composed of 8000 cubic blocks (20X 20X 20).
Thus, each percentage of the volume fraction is represented by 80
blocks. The conductivity (isotropic or anisotropic) for each block
can be specified. An example of the geometry of the model is shown
in Figure 6a, but fora5 X 5 X 5 grid for simplicity.

At the input face to the 3D model, we have specified inward cur-
rent flow according to

-n-J=/J, (55)

where the normal component J,, is positive representing current flow
into the model. The opposite face of the model we have specified as
grounded (i.e., V = 0). All other faces of the model are specified as
insulating, where n-J =0 (i.e., that there is no current flowing
across the boundary). All interior boundaries are conservative (i.e.,
continuity boundary conditions),

n-(J; = J,) =0. (56)

The relevant interface condition at interfaces between two different
phases is n,-(J;, — J,) = 0, where n, is the outward normal from
phase 2 and J; and J, are the current densities in each of the two ad-
joining phases. This is fulfilled by the natural boundary condition

n-[(eVV—=1J); = (eVV—=1Jl= —n-(J; = J») = 0.
(57)

The electrical potential was solved using Comsol’s Femlab 3.0 on a
finite element mesh, which consisted of tetrahedra created by con-
strained Delaunay triangulation. The mesh consisted of 768,000 tet-
rahedra, which provides 96 tetrahedra per cubic block such that each
tetrahedron represents approximately 1.3 X 10~° of the total volume
fraction. Figure 6a shows a typical mesh, but fora 5 X 5 X5 grid for
simplicity. The electrical potential at the input and output faces was
calculated using the integration functions that are built into the Fem-
lab software.

Initially, all blocks were set to the same conductivity. Several ad-
joining cells were chosen stochastically to create a set of pathways
across the model with a predefined fraction and a predefined expo-
nent. The predefined exponent cannot be simply forced on the mod-
el; we have to try several pathways until the calculated exponent is
the desired value. The only constraint imposed was that all path-
ways, whether dead ends or not, were initially continuous, with their
component cubes making contact face to face, not edge to edge or
vertex to vertex. This was called phase 1 and was kept constant dur-
ing the subsequent modeling.

The other cubes represent the volume occupied by the other three
phases. Several of these cubes were chosen stochastically to create a
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second set of pathways across the model with a predefined fraction
and a predefined exponent as before. The same face to face contact
constraint was imposed again. This was called phase 2, and was also
kept constant during the subsequent modeling.

The remaining cubes represent the volume occupied by the re-
maining two phases. Again, several of these cubes were chosen sto-
chastically using the same constraints to create a third set of path-
ways across the model with a predefined fraction and a predefined
exponent as before. This was called phase 3 and was changed during
the subsequent modeling. All cubes not assigned to phase 1, 2, or 3
were automatically assigned to phase 4.

The conductivity of each of the cubes composing each of the phas-
es was then assigned to give the initial starting conditions for each
set of model solutions. At this point, the conductivity and fraction of
each phase is known, but their exponents are not. The exponent of
each phase was measured separately by solving equation 53 across
the model with the conductivity of the other phases set to zero. The
finite element solution of the electrical potential may then be carried
out throughout the model. The potentials and current at each face
were then calculated by integrating their values over each face;
hence, the modeled conductivity was calculated.

Several cubes of phase 3 were then transformed into phase 4 by re-
allocating their conductivities to increase the fraction of phase 4 by
approximately 1% and reduce the fraction of phase 3 by the same
amount (i.e., 80 cubes). Although the choice of the reallocated cubes
was random, two constraints were applied. These were that the posi-
tions of the new phase 4 cubes were (1) in face-to-face contact with
existing phase 4 cubes, and (2) were not in contact with more than
two pre-existing phase 4 cubes. The first constraint avoids the devel-
opment of infinite current densities at vertex-to-vertex contacts,
whereas the second ensures that the reallocated cubes significantly
change the connectedness of the phase instead of just “filling in the
gaps.”

The exponents of phases 3 and 4 were then recalculated with the
same method as before (the exponents of phase 1 and phase 2 do not
change because their geometry has not changed). The model was

Table 3. Conditions associated with the numerical modeling.

then solved again before the fraction of phase 4 was increased once
more in the same manner. This process was reiterated until phase 3
was exhausted (approximately 20 realizations per suite of measure-
ments). Figure 6b shows a typical electrical potential solution for a
5X 5 X5 geometry for simplicity. The results described below were
carried out on a 20 X 20 X 20 grid.

It should be noted that this type of numerical simulation is ex-
tremely costly on processor time and on memory. We carried out our
simulations on a standard desktop PC (2.4 GHz, 4 core, 3 Gb RAM)
running Comsol’s Femlab 3.0 (now Comsol Multiphysics 3.5a) and
found that the 20 X 20 X 20 grid took almost 2 h to solve and used al-
most all of the available memory. Although the solutions were gener-
ally stable, we found it was not possible to increase the size of the
grid within our computing resources.

NUMERICAL MODELING RESULTS

Three suites of measurements were carried out in total. Table 3
shows their starting and finishing conditions.

Figure 7 shows the results of the modeling as plots between the
conductivity predicted from numerical modeling and those predict-
ed from the generalized Archie’s law and the traditional Archie’s law
(which in this case is the same as applying the Archie’s law modified
for two phases because phase 4 has such a low conductivity). The re-
sults of the generalized Archie’s law agree very well with the numer-
ical results and have been taken to validate, at least in part, the equa-
tions developed in this work.

When the traditional Archie’s law is used, there are errors that are
because the conductivity contributions from phases 1 and 2 have not
been taken into consideration. The constant difference between the
results of the traditional Archie’s law and the generalized Archie’s
law in Figure 7 arises because we kept phases 1 and 2 geometrically
and electrically constant within a suite of modeling results but differ-
ent between each suite. The sensitivity of the final results to small
changes in the parameters describing phases 1 and 2 indicates how

Phase Fraction Number of cubes Type Conductivity Exponent Connectedness
Suite 1

1 0.05 800 EDL 10 2.3 0.00102

2 0.1 400 Fluid 50 2.1 0.00794

3 0.2-0 1600-0 FeS, 100 3-4.75 0.008-0

4 0.65-0.85 5200-6800 Quartz 102 0.0397-0.0554 0.9830-0.9910
Suite 2

1 0.06 480 EDL 10 2.2 0.00205

2 0.09 720 Fluid 50 2.2 0.0050

3 0.2-0 1600-0 FeS, 100 3-4.33 0.008-0

4 0.65-0.85 5200-6800 Quartz 10-20 0.0352-0.0436 0.9849-0.9929
Suite 3

1 0.03 240 EDL 10 2.5 0.000156

2 0.12 960 Fluid 50 2 0.0144

3 0.2-0 1600-0 FeS, 100 3-3.78 0.008-0

4 0.65-0.85 5200-6800 Quartz 10-20 0.0529-0.0902 0.9774-0.9854

Single values indicate a constant during a suite of measurements; a range of values indicates a starting and finishing value.
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Figure 7. Results of numerical modeling of a four-phase system. (a)
Conductivity from the numerical modeling as a function of that pre-
dicted from the generalized Archie’s law for the three suites of mod-
eling results. (b) Conductivity from the numerical modeling as a
function of that predicted from the traditional Archie’s law for the
three suites of modeling results. Note that because the conductivity
of phase 4 is so low, this diagram is also a plot of the conductivity
from the numerical modeling as a function of that predicted from the
modified Archie’s law for two phases (Glover et al., 2000a).

important it is to control the contributions from all phases in the mul-
ticomponent system.

SUMMARY

The main findings of this paper can be summarized by saying that
a 3D medium composed of n phases has the following properties:

1) The sum of the fractions of all of the phases is equal to unity,
2= 1.

2)  The sum of the connectednesses of all of the phases is equal to
unity, 2'_,G; = 2!_ ¢ = 1.

3) Connectedness is conserved — loss of connectedness for one
phase is balanced by gains of connectedness in the other phases
that compose the rock.

Glover

4) The generalized Archie’s law for n phases takes the form o
=2 0"

5) The phase exponent of the jth phase can be calculated using the
equationm; = log(1 — Z;;¢™)/log(1 — Zi4; ).

6) The phase exponent of the jth phase can also be calculated us-
ing a first-order approximation by the equation m;
= 2i¢jGi/Ei¢j¢i-

7) Ann— 1 subset of phases has the property that 'St =1,
where the saturation of each phase is S; = ¢;/ =~ ¢; and n; is
the saturation exponent of each phase. This equation represents
a form of the equation for the sum of connectednesses but with
reference to ann — 1 subset of the original n-phase medium.

The classical Archie’s law for 100% fluid saturation and Archie’s
second law for partial saturation can be derived from the generalized
model as special cases. Examination of the exact solution of the gen-
eralized Archie’s law for n phases shows it to also be formally the
same as the modified Archie’s law for two phases.

There exist at least two approximations of the generalized law. Of
these, the second-order approximation performs better than the first-
order approximation, as expected, and there is a wide range of pa-
rameters in which the approximations provide a good estimate of the
exact solution of the generalized law.

It may be that the generalized law as set out in this paper is too
complex for general use. However, its applications should grow de-
pending on the growth of the requirement to model increasingly
complex rock mixtures, something that is becoming more common
as nonconventional hydrocarbon resources are exploited. On a more
fundamental level, its immediate contribution is more likely to be in
the sphere of improving our seminal understanding of why empirical
laws such as Archie’s seem to work so well.

It is conceptually extremely difficult to imagine a method for ex-
perimentally verifying this generalized law, let alone to find data sets
that are sufficiently comprehensive. Here, the generalized law has
been partially verified by 3D numerical modeling and found to work
well for four phases that were subject to the constraints that we ap-
plied to the modeling. I urge other researchers to carry out further
and more exhaustive testing of the model experimentally and using
numerical modeling with larger grids.
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